Abstract. Let G be a finite p-group, and let G (d) denote the d-th term of the derived series of G. We show, for p 5 , that
Introduction
Suppose that G is a finite p-group in which a term G we know that it is not, in general, sharp already for d = 3. In this case, Hall's lower bound is p 11 , but, for p 5, the smallest p-groups in which G (3) = 1 have order p 14 ;
see [Bla56, ER00, ERNS99] .
Let us, for a moment, consider a finite p-group in which a term G (i+1) of the derived series is non-trivial, and the quotient G (i) /G (i+1) is as small as allowed by Hall's result referred to above. That is, we assume that, for some i,
holds with i 1, then G (i) has nilpotency class at most 3. Further, Mann [Man00] showed that in a finite p-group (1) can hold for at most two distinct i. In a separate article [SchXX] , I show that if p is odd, and G is a finite p-group in which (1) holds for two distinct i, then |G| = p 6 .
These results can, of course, be used to improve the linear term in Hall's lower bound for the order of G. Indeed, Mann proved that if
The aim of this paper is to further improve this result and, in particular, to show that the following theorem holds.
Theorem 1.1. Let p be a prime such that p 5, and let G be a finite p-group. If
I have to admit that Theorem 1.1 does not bring us much closer to finding a sharp lower bound for the order of a finite p-group G in which G Similar questions arise in the context of soluble groups. Glasby [GlaXX, GlaYY] studied soluble groups with a fixed derived length and smallest possible composition length.
The main idea behind the proof of Theorem 1.1 is that we assume G (d+2) = 1 and consider the metabelian quotients
This way we are able to prove a better lower bound for the order of G than those obtained by considering only the abelian quotients
. The proof of Theorem 1.1 can be found in Section 4.
Small derived quotients in finite p-groups
As mentioned above, the novel idea in the proof of Theorem 1.1 is to consider the metabelian quotients
This enables us to improve the coefficient of the linear term of the lower bound in the theorem to "3". However, in order to obtain the best possible constant term, we need some results about p-groups with a small derived quotient.
Let p be a prime and let G be a finite p-group. We say that the factor group
with small derived quotients were studied in [Sch03, SchXX] . The following theorem was one of the main results in [SchXX] . Its important consequence is the fact that, for odd p, if (1) holds with two distinct i, then |G| = p 6 ; see [SchXX] for details.
Theorem 2.1 (Theorem 3.3 [SchXX] ). Suppose that p is an odd prime, i 1, and
For the proof of the following lemma, see [SchXX, Lemma 5 .1]. Recall that γ i (G) denotes the i-th term of the lower central series of G, so that
Lemma 2.2 (Lemma 5.1 [SchXX] ). Let G be a finite p-group.
is cyclic, and so, for e 2, we have G
Combining Theorem 2.1 and Lemma 2.2, the following corollary is easy to verify. 
3. Towards the proof of Theorem 1.1
The proof of Theorem 1.1 relies on the following technical result, whose proof is presented at the end of this section.
Theorem 3.1. Suppose that p is a prime different from 3, G is a finite p-group, d
0, and that
In the rest of this section, G denotes a finite p-group. Suppose that K is the subring corresponding to G (d) in the Lie ring associated with the lower central series of G. That
The first homogeneous component of K is
Since L is generated by homogeneous elements of the same degree, we obtain that the L i form a grading on L.
. If the factor group
be considered as a Lie algebra over
the following hold:
Proof. Since L is degree-1 generated, we obtain that L i = [L 1 , . . . , L 1 ] with L 1 occurring i times. Hence the definition of the product in L gives
as L is generated by L 1 , we obtain that L can be considered as a Lie algebra over F p .
Now assume that the generator number of G
Recall that L 4 is a vector space and, by assumption, the generator number of the factor group
, and so similar argument shows that L 1 is also at least 3-dimensional. Since L 4 = 0, we must have L 3 = 0, and so dim L 3 1.
Theorem 3.1 is a simple consequence of the following result.
is a 3-generator abelian group and
Proof. By Lemma 3.2, in this case, L is a Lie algebra over 
where α i ∈ F p for 1 i 7. The Jacobi identity implies that The following example shows that the condition p = 3 is necessary in Lemma 3.3.
